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Abstract
In this paper, we study how a ﬁrm should allocate its learning resources when it is concurrently producing two
consecutive generations of one product. We deﬁne learning resources as scarce ﬁrm-speciﬁc resources that a ﬁrm
allocates towards the improvement of the cost, quality or timeliness of its existing products and processes. We use
empirically tested models for demand substitution and learning curves to formulate this problem, and we present our
results as propositions with regard to the optimal time at which a ﬁrm should direct all its learning resources to the
newer product generation, depending on the substitution rate of the two product generations, the learning rate, and the
level of cross learning. Results indicate that learning resources should be managed through a ﬁrm-wide coordination
process that will spread, rather than concentrate, learning resources, not in static but in a dynamic way, to ensure
continued high returns from these learning resources.
r 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Manufacturing companies often replace old products with new ones in order to remain competitive and
proﬁtable. Usually, this replacement or substitution develops gradually and depends mostly on the
dynamics of the marketplace. Customers gradually adopt the new product and substitute it for the old one.
Often, there is quite an extensive period during which both the old and the new product are sold side by
side, and therefore manufactured side by side.
Examples of such products for which successive versions are concurrently produced can be found in
many industries. In consumer electronics, historical examples include black and white versus color
television and VHS versus Super VHS video recorders. In the processing industries, we can think of leaded
versus unleaded gasoline and black and white versus color photography. In the computer industry, we have
observed this phenomenon in the succession of INTEL x86 microprocessors. For various reasons, the
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newer product in all of these cases did not immediately make the old one obsolete; the two consecutive
products coexisted in the market for a considerable length of time.
Because of the concurrent production of consecutive product generations, ﬁrms in many industries are
faced with the decision problem of how to allocate resources to each of the two product generations. For
many resources, such as capital investment, the ﬁrm can make separate allocation decisions. For certain
scarce ﬁrm-speciﬁc resources, such as management expertise, technical know-how, or engineering
experience, separate allocation decisions often cannot be made—the more resources the ﬁrm allocates to
one product generation, the less it can allocate to the other (Hatch and Mowery, 1998). Allocating these
types of resources to the two consecutive product generations is therefore a difﬁcult one, and needs careful
consideration.
In this paper, we look at the decision problem of allocating learning resources to two consecutive
versions of one product. We deﬁne learning resources as scarce ﬁrm-speciﬁc resources that a ﬁrm allocates
towards the improvement of the quality, timeliness, and ultimately the cost of its existing products and
processes. Examples of learning resources are experienced manufacturing personnel, technical experts,
process engineers, and test laboratory time. The main premise of our research is that a ﬁrm can identify its
learning resources and allocate them towards speciﬁc targets such as quality, timeliness, or cost, and use its
learning resources to ultimately inﬂuence the rate at which it reduces the cost of its products. We examine
how a ﬁrm should allocate its learning resources over time when it is concurrently producing two
consecutive generations of one product.
To clarify this decision problem, let us look at an example. In the 1980s, memory chip manu-
facturers experienced a very rapid succession of product generations. From 1976 to 1986, this
industry produced and sold three consecutive generations of memory chips, a 16K model, a 64K model,
and a 256K model. Each of the newer models was introduced to the market before the previous
one had reached its top sales volume and its highest level of production efﬁciency. The 64K memory chip,
for example, was ﬁrst introduced to the US market at a time when the demand for the 16K memory
chip was still growing. Also, after the introduction of the 64K memory chip, the production cost of
the 16K one was further reduced by two thirds before the end of its life cycle (Finan and Amundsen,
1985, 1986). Assuming that cost reduction over time is indeed heavily inﬂuenced by the allocation
of learning resources, this data indicates that ﬁrms that were producing both the 16K and 64K models
were spreading their learning resources over the two models for a long period of time. Did these ﬁrms
make good choices/decisions in allocating their learning resources? Should they have stopped allocating
learning resources in order to lower the cost of the 16K model earlier? Or, alternatively, should they have
delayed the allocation of all their learning resources towards improving the production efﬁciency of the
64K model?
We formulate the outlined decision problem as an optimization problem in which we seek to determine
the optimal time at which the company should direct all its learning resources to the newer product
generation. By studying such a decision problem in a mathematical format, we are able to identify some of
the important factors that inﬂuence the decision. We consider market factors such as the sub-
stitution rate of the product generations and the relative demand potential of the newer product
generation. We look at the effect of product and process characteristics such as the estimated potential for
cost reduction for the two product generations. We also examine how the allocation of learning resources is
affected by different properties of the ﬁrm’s learning abilities such as the learning rate potential and the
level of cross learning.
Following this introduction, Section 2 of this paper explores the literature for signs of the existence and
the use of learning resources. In Section 3, we describe how this decision problem manifests itself in a large
semiconductor manufacturer. The model is presented in Section 4, and the results derived from the model
are described in Section 5. Section 6 presents numerical experiments, and in Section 7, the results are
discussed.
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2. Learning resources
Learning in organizations has gained in importance in the ﬁeld of competitive strategy. From the
resource-based views of the ﬁrm (Teece, 1982; Wernerfelt, 1984; Rumelt, 1984), ﬁrms are seen as possessing
a certain set of organizational capabilities and ﬁrm-speciﬁc assets that give them a unique competitive
advantage. Since organizational learning is credited with the ability to improve a ﬁrm’s capabilities over
time and is key to a ﬁrm’s survival, the importance attached to learning cannot come as a surprise (Teece
et al., 1997).
While learning can take many forms, empirical research on the topic has traditionally focused on the
learning curve. The learning curve research has documented and quantiﬁed the relationship between
cumulative production experience and the decrease in production costs (Yelle, 1979). Although widely
accepted as a real phenomenon, there are still questions about how this learning curve actually occurs,
especially because some ﬁrms seem to learn faster than others (Argote and Epple, 1990).
Muth (1986) gave a review of these theories and provided a plausible theory of his own. He shows that
organizational learning is consistent with a ﬁrm doing random search over a set of technological
possibilities, and adopting the newly found possibility if a lower cost can, in fact, be achieved. Adler and
Clark (1991) and von Hippel and Tyre (1995) used ﬁeld observations to study what is really behind the
learning curve. They ﬁnd that organizational learning in production can best be described as a process of
problem solving, in which problems in a production process are ﬁrst identiﬁed, and then analyzed and
solved.
In a detailed study of total quality management (TQM) practices, Lapr!e et al. (2000) ﬁnd that TQM
projects need injections of both ‘‘know-why’’ and ‘‘know-how’’ knowledge in order to contribute effectively
to the reduction of waste. Similarly, in a test of quality-based learning model, Ittner et al. (2001) ﬁnd
support for learning as a function of both proactive investments in quality improvement and autonomous
learning-by-doing. Other studies have explained variations in cost reduction over time as a result of
investment in process R&D (Lieberman, 1984; Sinclair et al., 2000).
What these in-depth studies of the learning curve have in common is that they indicate that cost
reduction is not an automatic by-product of production experience. Production experience might provide
useful information for cost reduction efforts, but organizational learning is a process and an activity that
requires resources and needs to be managed.
Insight into the fact that a ﬁrm uses and needs resources for learning has led to a set of important and
related questions. (1) What resources are needed for learning? How can these resources be attained, (2) how
much of these learning resources should a ﬁrm acquire, and (3) how should a ﬁrm allocate these learning
resources towards different targets?
Mody (1989) was probably the ﬁrst author to address these questions in a systematic way. Referring to
his own ﬁeld observations and to those of Rosenberg (1982), he argues that cost reduction in many
industries comes from the deployment of ﬁrm-speciﬁc engineering resources. He modeled this and
found that, if engineers can transfer what they learn to the production process, engineering resources
should be deployed heavily at the beginning of a product’s life cycle and much less, or not at all,
towards the end. This result came from the fact that there are decreasing returns from cost reduction
efforts. There are two reasons for this: (1) the more cost reduction has been achieved, the harder it is to
reduce costs further, and (2) cost reductions in later stages of the product’s life cycle do not bring as much
beneﬁt as they do in earlier stages. His results indicate that learning is not necessarily as continuous as was
previously believed. They also seem to indicate that it might be more advantageous to have short and
energetic bursts of learning at the beginning of a product’s life cycle and move towards a maintenance mode
afterwards.
These are also the empirical ﬁndings of Tyre and Orlikowski (1994). Their ﬁeld observations show
that companies tend to concentrate their improvement efforts, with the use of process engineers, in limited
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time-windows rather than to spread them out continuously over time. The most signiﬁcant time-window
they ﬁnd is, not surprisingly, the one at the beginning of a product’s life cycle.
Engineering resources are not the only set of resources that have been proposed as crucial for
learning. Killingsworth (1982) proposed ‘‘investment in training’’ as one of the ways that also leads
to cost reduction. The idea is that most learning comes from the transfer of knowledge rather than from
own production experience. A similar paradox is found in a study of the spillover effects in the
semiconductor industry (Irwin and Klenow, 1994). Empirical results indicate that most of the
cost reduction in a semiconductor manufacturing plant can be explained by the production experience
of other plants.
In the model by Dorroh et al. (1994), they posit that knowledge creation has to be traded off with
actual production, or, in other words, they see the production workers as the real source of cost
reduction, but they acknowledge that the time spent on cost reduction cannot be spent on production.
Their results, as well as those of Killingsworth (1982), are consistent with those of Mody (1989)
because they, too, suggest a heavy investment in learning at the beginning of the life cycle of a
product.
Coming from another angle, the modeling work done in the ﬁeld of TQM seems to be generating
similar results. The TQM philosophy prescribes that ﬁrms react to defects by trying to ﬁnd the causes
of the defects and removing the causes. Defects can be seen as any type of ‘‘problem’’ that de-
creases the value of a product. In a sense, TQM is a set of procedures and guidelines for learning
by doing. Marcellus and Dada (1991) modeled this process such that a ﬁrm can decide to invest
in the removal of a defect whenever one occurs. They ﬁnd that it pays to make these investments
until a certain quality level is reached. After that, the beneﬁt of improving the quality is not large
enough to justify the cost. Similarly, in a model of a monopolist making decisions on price,
production, process improvement, and quality assurance efforts, Li and Rajagopalan (1998) show that
quality improves over time, while process improvement effort and quality assurance effort decrease
over time.
Most of the theoretical models of investment in learning or investment in improvements seem
to indicate that it pays to learn at the beginning, but that there is a time after which the learning
effort is wasted. As a notable exception, Carrillo and Gaimon (2000) suggested a model to guide
a proﬁt-maximizing ﬁrm in its quest to enhance performance through process change (learning-by-doing).
They identify conditions whereby investment in process change occurs at an increasing rate over time. This
is due to the long-term gain in effective capacity associated with the process change. Earlier work by
Cangelosi and Dill (1965) also seems to conﬁrm that learning is sporadic and stepwise, rather than
continuous.
However, there is a hiatus in the research to date. It assumes that learning resources can be activated and
deactivated easily. This might be hard to do with scarce engineering resources. Hiring and ﬁring engineers is
a very inefﬁcient way of managing learning, since engineers collect large amounts of ﬁrm-speciﬁc knowledge
over time. Mody (1989) realized this and suggested rotating engineers from one learning project to the next,
where the choice of project would depend on the marginal beneﬁts for learning for each of the projects.
Similar suggestions have been made in empirical work by, amongst others, Flaherty (1993 and 1994, 1995).
semiconductor industry made her stress the importance of the dosing and directing of the ﬁrm’s learning
resources. This seems to be a valid suggestion, but little research has been devoted to modeling these types
of managerial decision problems.
This paper tries to ﬁll this gap by modeling such a decision problem in which a ﬁrm has at its disposal a
set of ﬁrm-speciﬁc learning resources, which it has to decide how to allocate over two different projects. The
two different projects we consider are the two consecutive generations of one product. We search for the
optimal time at which a ﬁrm should abandon the learning efforts for the older generation and devote all its
learning resources to the newer product generation.
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3. Allocating learning resources at a large semiconductor manufacturer
Before we introduce the mathematical model, we brieﬂy describe the yield improvement practices at a
large semiconductor manufacturer.1 This anecdotal evidence provides further support for the existence of
learning resources and the need to allocate them carefully across products.
This particular company manufactures standard integrated circuits, many of which have overlapping
consecutive product generations. Key to the proﬁtability of each product is that its ‘‘yield’’ can be improved
rapidly. Integrated circuits are produced on wafers and each wafer can hold hundreds or thousands of
identical circuits. The ‘‘yield’’ of a product refers to the percentage of good circuits per produced wafer and
is the most important factor determining the cost of a single circuit. The processes for improving yields in
semiconductor manufacturing are a prime example of resource-driven learning (Hatch and Mowery, 1998).
At this company, the yield improvement process for a single product is described as a four-stage relay
process. First, the company’s R&D group develops the technology for the new product. As soon as they
produce one successful chip, they will transfer the product technology2 to the technology group. The yield
at this stage can be as low as a few percentage points. In the second stage of the relay, the technology group
selects one of the company’s wafer fabrication facilities (‘‘wafer fabs’’) and sets up a team in which 80% are
its own engineers and 20% are process engineers from that wafer fab. This team will install the new
technology and use a small percentage of the wafer fab capacity to bring the yield of the new product up to
a 50% level. Then, a new team is created in which 20% are technology group engineers and 80% are
engineers from the fab, now including a large proportion of manufacturing engineers. Once the yield is
stabilized at about 80% or higher, the product is completely handed over to the manufacturing engineers.
The engineering managers in this company allocate learning resources to different products in several
ways. They instruct process and manufacturing engineers to create either more or fewer experiments for a
product and they prioritize the work on experiments that are being executed in the wafer fab. For each
product, there comes a time when the manager sends out a memo requesting all experiments on this product
to stop.
Other examples of how learning resources are allocated to products are the organization of ‘brainstorm’
days for particular products or the organization of training around a particular product for the process and
manufacturing engineers. Also, the earlier mentioned technology group engineers are sometimes used as a
ﬂexible resource. When a new product needs a faster ramp-up because of changes in market conditions,
these technology experts will step in as consultants to provide additional ideas for yield improvements.
Similar results are also proved in Terwiesch and Bohn (2001) that early learning is more important than
later learning during production ramp-up.
4. Model
For simplicity, we assume that the ﬁrm produces only two consecutive product generations at any given
time. The ﬁrm knows how the demand for each of these two product generations evolves over time, and it is
proﬁtable for the ﬁrm to produce the necessary quantities needed to meet the demand. In addition, we
assume that the learning resources of the ﬁrm affect only the cost structure, not the demand or the price of
the two product generations, and the ﬁrm understands how the allocation of learning resources will affect
its cost structure over time.
We further assume that the ﬁrm is a cost center and the objective is to minimize the total production costs
over a period that starts at the introduction of the new product generation (time 0) and which ends when an
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even newer product generation is introduced (time T). If we also assume that the old product will be
discontinued at time T ; the ﬁrm will face a continuous sequence of similar decision problems over time.
As for the choice of the demand rate functions, we are able to fall back on extensive marketing literature
involving new product diffusion models (Fisher and Pry, 1971; Mahajan et al., 1990; Bridges et al., 1991).
For our purpose, the most suitable set of demand rate functions was by Norton and Bass (1987, 1992).
They present and empirically validate functions that describe the demand evolution for consecutive
generations of high-technology products. We use a special simpliﬁed version of theirs, namely:
d1ðtÞ ¼ Deat ð1Þ
for the older product generation, and
d2ðtÞ ¼ gDð1 eatÞ ð2Þ
for the newer product generation. D represents the market potential for the older product generation, gD
represents the market potential for the newer product generation, and a represents the demand substitution
rate, with D > 0; g > 0; and a > 0: Although fairly simple in their functional form, these demand rate
functions incorporate the most important market factors for this problem—the relative market size of the
newer product generation and the substitution rate.
To model how learning effects reduce the unit costs of products over time, we refer to the large body of
business and economics literature that has described and modeled learning curves. The main ﬁnding behind
the learning curve literature is that ‘‘experience’’ will cause unit costs to decrease at a decreasing rate. The
difference in learning curve models comes from the way in which they deﬁne ‘‘experience’’ and from the
function they choose to model ‘‘decreasing at a decreasing rate’’.
We follow the waste reduction model introduced by Schneiderman (1988). Schneiderman (1988) shows
empirical evidence that for many types of production ‘‘waste’’, the amount of ‘‘waste’’ that can be removed
per time unit is proportional to the amount of waste at that time. Applied to unit costs, this can be
expressed as
dciðtÞ
dt
¼ riðtÞ½ciðtÞ  cmini  ð3Þ
with
cið0Þ ¼ c0i > c
min
i ; ð4Þ
where i refers to each product generation and i ¼ 1; 2; and cmini > 0; and can be thought of as a theoretical
minimal cost that cannot be reduced any further.
The choice of time as the equivalent of experience in these learning curves is partially motivated by its
analytical simplicity, but it also ﬁnds support in empirical studies from different industries (Hatch and
Mowery, 1998; Levin, 2000). Dance and Jarvis (1992) give a detailed description of the learning process in a
semiconductor wafer fabrication lab and indicate that time-efﬁcient process engineering, rather than
cumulative volume, is the key to speed up learning. Zangwill and Kantor (1998) also suggested a differential
equation that not only characterizes continuous improvement but also reveals how learning might occur in
the learning curve. Gruber (1992) used data from the semiconductor industry to determine that the age of a
product is the best overall predictor for learning in DRAM, SRAM and EPROMmemory chip production,
which is another indication that time is a good equivalent for experience. These observations lead us to
believe that the relationship stated above will incorporate the main characteristics of production learning
into our model.
It remains for us to characterize how the learning rate riðtÞ can be inﬂuenced. Literature on the rate of
learning has identiﬁed its dynamic and static characteristics (Hatch and Mowery, 1998; Jaikumar and
Bohn, 1992). Learning rate varies widely (Levy, 1965; Pisano et al., 2001), and it is more a dependent
variable than it is a constant (Dutton and Thomas, 1984). Lieberman (1984) found a signiﬁcant positive
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link between R&D spending and the learning rate in chemical processing plants. Lapr!e et al. (2000)
incorporate autonomous and induced learning effects into the learning rate function that they measure
empirically. For our model, we specify that the learning rate riðtÞ; for product generation i; can change over
time because it is a function of qiðtÞ; the proportion of the ﬁrm’s learning resources devoted to product i at
time t: Speciﬁcally,
riðtÞ ¼ riðqiðtÞÞ for i ¼ 1; 2 ð5Þ
with 0pqiðtÞp1: As there are only two product generations, we have
q1ðtÞ þ q2ðtÞ ¼ 1; ð6Þ
which allows us to deﬁne the proportion of the ﬁrm’s learning resources devoted to the older product
generation as the control variable aðtÞ; with 0paðtÞp1; i.e.,
q1ðtÞ ¼ aðtÞ ð7Þ
and
q2ðtÞ ¼ 1 aðtÞ: ð8Þ
The above speciﬁcation deﬁnes an optimal control problem in which the total cost to be minimized is
TC ¼
Z T
0
ðd1ðtÞc1ðtÞ þ d2ðtÞc2ðtÞÞ dt ð9Þ
with the demand functions diðtÞ deﬁned as in (1) and (2), and in which the unit cost functions c1ðtÞ and c2ðtÞ
are state variables that are governed by (3) and (4).
As it is proﬁtable for the ﬁrm to produce the necessary quantities needed to meet the demand; here we
assume that the production and the demand are equivalent. In (3) and (4), the learning rates for the two
products, r1ðaðtÞÞ and r2ð1 aðtÞÞ depend on the single control variable aðtÞ; the proportion of the ﬁrm’s
learning resources devoted to the old product generation (with the remaining proportion being devoted to
the new product generation).
In order to obtain theoretical results, we further assume that the ﬁrm follows a simple learning resource
allocation strategy given as
aðtÞ ¼
a1 for 0ptps;
0 for sotpT ;
(
ð10Þ
with 0pa1p1: Under this policy, the ﬁrm will split its learning resources into fractions of a1 and 1 a1
until time s; and then devote all its learning resources to the newer product generation. We will refer to time
s as the moment-to-abandon-the-old-product, since the old product generation will be deprived of learning
resources from that time onwards.
The use of this simple strategy is justiﬁed as follows. First, it is one that would be fairly easy to
implement. There are only two modes of resource allocation to deal with: a1 versus 1 a1 and 0 versus 1,
and there is only one instant in time in which resources are actually shifted from the older product
generation to the newer one. A one-time shift is easier to administrate than any type of gradual re-
allocation of resources. The practice of stopping all experiments on speciﬁc products at a large
semiconductor manufacturer, as described earlier, also shows that the proposed policy is a realistic one.
Second, even by restricting the resource allocation to this particular class of strategies, we are still able to
answer the most interesting question regarding this problem: when is it time to focus all the learning
resources on the newer product generation? Firms usually have a hard time taking away resources from the
older and established products. Providing managers with a target time or a deadline to do so can be a good
basis for discussing the issues involved in these allocation decisions.
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5. Analysis
In this section, we analyze the effects on the optimal moment-to-abandon-the-old-product, s; for a given
level of magnitude of resource allocation strategy. When allocation strategy (10) is applied, the total cost is
minimized by ﬁnding the optimal moment-to-abandon-the-old-product, i.e.,
s ¼ arg min
0pspT
TCðsÞ ð11Þ
with
TCðsÞ ¼
Z s
0
CðtÞ dt þ
Z T
s
CðtÞ dt ð12Þ
and
CðtÞ ¼ d1ðtÞc1ðtÞ þ d2ðtÞc2ðtÞ: ð13Þ
The demand rates diðtÞ are given in (1) and (2) and the cost functions ciðtÞ can be derived from (3)–(13) as
follows:
c1ðtÞ ¼
cmin1 þ ðc
0
1  c
min
1 Þ e
r1ða1Þt for 0ptps;
cmin1 þ ðc
0
1  c
min
1 Þ e
r1ða1Þser1ð0ÞðtsÞ for sotpT ;
(
ð14Þ
c2ðtÞ ¼
cmin2 þ ðc
0
2  c
min
2 Þ e
r2ð1a1Þt for 0ptps;
cmin2 þ ðc
0
2  c
min
2 Þ e
r2ð1a1Þs er2ð1ÞðtsÞ for sotpT :
(
ð15Þ
In searching for optimal s; we need to take the derivative of the total cost, namely,
F ðsÞ 
dTCðsÞ
ds
ð16Þ
and examine its roots. Applying Leibnitz’s rule, we obtain this derivative (divided by D for notational
simplicity) in the following expression:
F ðsÞ
D
¼ D1
r1ða1Þ  r1ð0Þ
a þ r1ð0Þ
e½aþr1ða1Þs þ gD2½r2ð1Þ  r2ð1 a1Þ
er2ð1a1Þs
r2ð1Þ

e½aþr2ð1a1Þs
a þ r2ð1Þ
 
; ð17Þ
where D1 ¼ c01  c
min
1 and D2 ¼ c
0
2  c
min
2 ; which are the unit cost reduction potential of the old and new
product generations (we assume that T is large enough, such that eT can be approximated by 0). Given the
most general form for the learning rate functions, r1 and r2; the roots of F ðsÞ cannot be expressed in closed
analytical form. However, in the following sub-sections, we assume forms for the learning rate functions
that allow us to further analyze the optimal moment-to-abandon-the-old-product.
5.1. Linear learning rate function
We deal with the linear learning rate function ﬁrst and the more general case will be discussed later in
Section 5.3. Following existing literature (Dutton and Thomas, 1984; Hatch and Mowery, 1998; Jaikumar
and Bohn, 1992; Lapr!e et al., 2000), we set the form of learning rate functions at any given time t as
r1ðtÞ ¼ b0 þ baðtÞ and r2ðtÞ ¼ b0 þ ybð1 aðtÞÞ; ð18Þ
where the ﬁrst term, b0; is the static component, or the autonomous learning effect for each product
generation, and where the dynamic components, or the induced learning effects, are reﬂected in the second
terms of the functions and are assumed to be the result of the allocated learning resources. The parameter y
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reﬂects the possible difference in induced learning rates for the old and the new product generations. The
parameters b0; b; and y are real positive numbers.
If the learning rate potential is the same for both products ðy ¼ 1Þ and the initial allocation of learning
resources is an equal split between the old and new product a1 ¼ 12
 
; we can ﬁnd the optimal moment-to-
abandon-the-old-product in closed analytical form, given in the following lemma.
Lemma 1. When y ¼ 1 and a1 ¼ 12; the optimal moment-to-abandon-the-old-product s
 can be expressed as
s ¼
1
a
ln
1
g
D1
D2
b0 þ b
a þ b0
þ
b0 þ b
a þ b0 þ b
 
when
D2
D1
o1
g
b0 þ b
a þ b0
1þ
b þ b0
a
 
;
0; o=w:
8><
>: ð19Þ
Interpreting the condition in the lemma, we can see that, when learning is slow or substitution is fast, the
learning efforts for the old product are abandoned as soon as the new product is introduced ðs ¼ 0Þ: Only
when the learning rate, b; is high compared to the substitution rate, a, will the total cost reduction require a
continued learning effort for the old product generation.
Based on this lemma, we derive the following propositions (the proofs are given in the appendix).
Proposition 1. Firms should expedite the moment-to-abandon-the-old-product (i) if the market potential of the
newer product generation, g is increased, (ii) if the substitution rate of the older product generation vis- "a-vis the
newer product generation, a; is increased, or (iii) if the relative unit cost reduction potential for the newer
product generation, D2=D1; is increased.
This proposition is intuitive: ﬁrms should devote all their learning resources to the newer product
generation earlier when the new product shows great promise in its cost-saving potential and in its market
potential.
Proposition 2a. Firms should postpone the moment-to-abandon-the-old-product if the induced learning rate
potential, b; of the firm is increased.
Proposition 2a suggests that ﬁrms with higher induced learning rate potential should delay switching all
their learning resources to the newer product generation. If the older product generation were abandoned
too early, the faster induced learning rate would soon leave the ﬁrm with nothing further to learn for the
new product generation, while the older product generation would leave further cost reduction potential
untapped.
Proposition 2b. The impact of an increase in the autonomous learning effect, b0; on the optimal moment-to-
abandon-the-old-product can be positive or negative.
So, the impact of the autonomous learning effect on the optimal moment-to-abandon-the old product
will depend on conditions. The exact conditions are given in the appendix.
Proposition 3. Firms should postpone the moment-to-abandon-the-old-product when the relative induced
learning potential, y; of the newer product generation is increased.
This proposition introduces a product-speciﬁc learning rate potential within the ﬁrm. It can be
understood as follows: the higher the induced learning rate potential for the newer product generation, the
less the penalty for postponing the moment to abandon the old product generation.
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Please note that Propositions 1–3 are based on Lemma 1, a special case when y ¼ 1 and a1 ¼ 12; where the
optimal moment-to-abandon-the-old-product can be obtained in closed analytical form. Section 6 will
present some numerical examples for some general cases where closed analytical form of the optimal
moment-to-abandon-the-old-product cannot be obtained.
5.2. The effect of cross learning
Cross learning occurs when the lessons learned for one product generation are partially transferable to
the other product. In semiconductor manufacturing, for example, learning is usually shared among wafer
fabs. However, not all lessons are transferable. Some ‘rules’ that obtain good results for one product may
not work for others.
The main effect of cross learning in our model is that learning continues for the older product generation
even when deprived of all learning resources. This reduces the penalty of redirecting all learning resources
to the new product generation, thereby allowing the ﬁrm to do so earlier. Mathematically, we adopt the
learning rate functions as follows:
r1ðtÞ ¼ baðtÞ þ bbð1 aðtÞÞ and
r2ðtÞ ¼ bð1 aðtÞÞ þ bbaðtÞ with 0pbp1; ð20Þ
with the learning rate of one product generation also beneﬁting from a proportion b of the learning
resources devoted to the other product. We then check for the effect of b; with the help of the following
lemma.
Lemma 2. In the presence of cross learning ð0pbp1Þ; and when a1 ¼ 12; the optimal moment-to-abandon-the-
old-product can be expressed as
s ¼
1
a
ln
1
g
D1
D2
b
a þ bb
þ
b
a þ b
 
when
D2
D1
o1
g
b
a þ bb
1þ
b
a
 
;
0; o=w:
8><
>: ð21Þ
From this lemma, we derive the following proposition.
Proposition 4. Firms should expedite the moment-to-abandon-the-old-product if the level of cross learning
increases.
Upon inspection, one can see that cross learning has the same effect as increasing the autonomous
learning effect while lowering the induced learning potential. In this sense, this proposition is consistent
with the proposition regarding the induced learning rate (Proposition 2a).
5.3. Diminishing returns on learning resources
Usually, one cannot assume that doubling the resources directed towards a certain goal would allow one
to reach the same learning objective in half the time. To estimate the effect of diminishing returns on
learning resources, we gave the learning rate functions the form of,
r1ðtÞ ¼
b
2
½2aðtÞk and r2ðtÞ ¼
b
2
½2ð1 aðtÞÞk; ð22Þ
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where 0pkp1 is the scaling factor. These functional forms also provide a familiar learning rate of b=2 for
each product generation when aðtÞ ¼ a1 ¼ 12:
Lemma 3. When a1 ¼ 12; the optimal s
 will be characterized as
s ¼
1
a
ln
1
g
D1
D2
2k1
ð2k  1Þ
b
a
þ
b
21ka þ b
 
when
D2
D1
o1
g
b
a
	
1
2 21k
þ
1
22k  22ð1kÞ
b
a
 
;
0; o=w:
8><
>: ð23Þ
From this lemma, we derive the following proposition.
Proposition 5. Firms should postpone the moment-to-abandon-the-old-product when learning is more subject
to diminishing returns to scale (decrease in k).
Expressed differently, when there are decreasing returns in learning, ﬁrms should spread their learning
resources among its different product generations for a longer period of time.
6. Numerical experiments
The propositions in the previous section were derived based on closed form solutions when a1 ¼ 12: In
order to have an impression of the validity of the propositions in the case where a1 (the proportion of
learning resources devoted to the old product generation prior to time s) would differ from 1
2
; we performed
numerical experiments for a set of representative cases for which the optimal moment-to-abandon-the-old-
product, s; is greater than 0.
Table 1 indicates that the propositions regarding the optimal moment-to-abandon-the-old- product, s;
seem to hold, even when a1 is not equal to 12:
3
To further explore the validity of the insights provided by Propositions 1–5, we also performed numerical
experiments in which the allocation of learning resources does not follow the step-function policy in which
the old product generation is abandoned at time s (10), but in which the proportion of learning resources
devoted to the old product generation, aðtÞ; is a kept constant. Assuming such a ﬁxed-proportion-of-
learning-resources-devoted-to-the-old-product, ac; the total production cost given in (9) can be integrated
from 0 to T and if T is sufﬁciently large, the derivative of TC; with respect to this ﬁxed ac; can be expressed
as follows:
dTC
dac
¼ 
D1ðb  bbyÞ
ða þ b0 þ bac þ bybð1 acÞÞ
2
þ
gD2ðyb  bbÞ
ðb0 þ ybð1 acÞ þ bbacÞ
2

gD2ðyb  bbÞ
ða þ b0 þ ybð1 acÞ þ bbacÞ
2
:
ð24Þ
This expression allows us to check the behavior of the optimal ﬁxed-proportion-of-learning-resources-
devoted-to-the-old-product, ac ; with respect to the relevant model parameters. The results of these
numerical experiments are shown in Table 2.
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3The only exception (found in the bottom right-hand corner of Table 1) involves the inﬂuence of the scaling factor k when a1 ¼ 0:8:
This was to be expected. When a doubling of the learning resources does not double the learning rate (a decrease in k) it is advisable to
‘spread’ the learning resources because concentrating them in one area is not necessarily so beneﬁcial. This is exactly what was found in
Proposition 5, which suggested postponing the moment-to-abandon-the-old-product when k decreases. However, when a1 ¼ 0:8; as in
the apparent counter-example in Table 1, the learning resources are not very well spread in the ﬁrst place, so it may not be very
beneﬁcial to prolong this sub-optimal allocation of resources.
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Table 2 shows that the behavior of the optimal ﬁxed-proportion-of-learning-resources-devoted-to-the-
old-product, ac ; is consistent with the propositions regarding the optimal moment-to-abandon-the-old-
product. Both variables, ac and s
; are a measure of how much attention is still needed for the old product
generation and are thus expected to behave similarly with respect to the parameters of the model, which is
conﬁrmed in Table 2.
7. Summary and discussion
We have examined how a ﬁrm should allocate its learning resources when it is simultaneously producing
and selling two consecutive product generations. With a simple mathematical model, we were able to
formulate several propositions regarding the optimal moment at which a ﬁrm should shift all its learning
resources towards the newer product (i.e., abandon the learning efforts for the old product). A summary of
the results is given in Table 3.
Our results provide a framework to inspire thought about the management of learning resources,
especially for those ﬁrms that operate in an environment in which product generations overlap considerably
and succeed one another at a rapid pace. Table 3 is useful in several ways. First, it provides a list of the
information that is needed by the person who decides on the allocation of learning resources to consecutive
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Table 1
Behavior of the optimal moment-to-abandon-the-old-product, s; in test environment a ¼ 1; b0 ¼ 0:1; g ¼ 2; cmin1 ¼ c
min
2 ¼ 0;
D1 ¼ 1; D2 ¼ 2; D ¼ 100; y ¼ 1; b ¼ 0; k ¼ 1 and T ¼ 7
ds
dg
ds
da
ds
dðD2=D1Þ
ds
db
ds
db0
ds
dy
ds
db
ds
dk
Propositions 1–5 o0 o0 o0 > 0  > 0 o0 o0
b ¼ 2 a1 ¼ 0:3 o0 o0 o0 > 0 o0 > 0 o0 o0
a1 ¼ 0:7 o0 o0 o0 > 0 o0 > 0 o0 o0
b ¼ 3 a1 ¼ 0:4 o0 o0 o0 > 0 o0 > 0 o0 o0
a1 ¼ 0:7 o0 o0 o0 > 0 o0 > 0 o0 o0
b ¼ 4 a1 ¼ 0:6 o0 o0 o0 > 0 o0 > 0 o0 o0
a1 ¼ 0:8 o0 o0 o0 > 0 o0 > 0 o0 > 0
Depends on conditions.
Table 2
Behavior of the optimal ﬁxed-proportion-of-learning-resources-devoted-to-old product, ac ; in test environment of a ¼ 1; b0 ¼
0:1; g ¼ 2; cmin1 ¼ c
min
2 ¼ 0; D1 ¼ 1; D2 ¼ 2; D ¼ 100; y ¼ 1; b ¼ 0 and k ¼ 1
dac
dg
dac
da
dac
dðD2=D1Þ
dac
db
dac
db0
dac
dy
dac
db
Propositions 1–5 o0 o0 o0 > 0  > 0 o0
b ¼ 2; ac ¼ 0:09 o0 o0 o0 > 0 > 0 > 0 o0
b ¼ 3; ac ¼ 0:21 o0 o0 o0 > 0 o0 > 0 o0
b ¼ 4; ac ¼ 0:28 o0 o0 o0 > 0 o0 > 0 o0
Depends on conditions.
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product generations. This may not be as trivial as it seems. If the decision-maker is a process-engineering
manager, for example, this means that she also need to stay informed about product costs and market
forecasts, which may not always be so visible on her radar screen. Second, the table allows the decision-
maker to become aware of how the different factors inﬂuence the allocation of learning resources, and can
provide a starting point for building decision-support systems that are matched to the company’s speciﬁc
situation.
It is also useful to consider the implications of this paper’s ﬁndings for the use of learning resources in
general. This work conﬁrms what was hinted at by Tyre and Orlikowski (1994) and Mody (1989), namely,
that the best way to use scarce learning resources is to spread them out in relatively small packets and to
move them around from project to project. Learning resources should never remain allocated to the same
operation for too long because the induced improvement will decrease over time (e.g. the remaining
potential cost reduction for a product becomes smaller and smaller) and so may the strategic importance of
the learning (e.g. the demand for the old product decreases over time). Also, if there are decreasing returns
to scale for learning resources (Proposition 5), as expected, there is a good reason to spread the learning
resources over different projects (e.g., consecutive product generations) instead of concentrating them on
only one project.
This paper thus shows that learning resources need to be governed by a ﬁrm-wide coordination
process in which information about learning resources, opportunities, progress and strategic pre-
ferences are considered together. It also implies that the learning resources, whether physical, such
as a test lab, or human, such as experienced process engineers, need to be ﬂexible and, preferably,
mobile in order to move from project to project easily. When the scarce learning resources are people, it is
important that they be provided with ways of ‘keeping in touch’ with their ‘communities of practice’
because they will often be moving around corporations in small teams, from one learning project to
another.
In addition to giving some insights into how induced learning can be managed in practice, this paper
may provide further stimulus to theory development. The simple allocation strategy in Eq. (10) has
led to useful propositions that can be tested empirically to reveal the existence and characteristics
of the presumed learning resources. However, it is not proven here to be the optimal policy of
the most general form. This is currently a limitation of the paper and points to opportunities for further
research.
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Table 3
The optimal time-to-abandon-the-old-product depends on market factors, product & process characteristics and learning abilities
Factor Impact on Propositions
moment-to-abandon-old-product
Market factors Increased substitution rate of old for
new (a).
EXPEDITED 1
Increased relative market potential
of new product ðgÞ
EXPEDITED 1
Product & process
characteristics
Increased relative cost reduction
potential of new product ðD2=D1Þ
EXPEDITED 1
Learning abilities Increased learning rate (b) DELAYED 2
Increased relative learning potential
of newer productðyÞ
DELAYED 3
Increased level of cross learning ðbÞ EXPEDITED 4
Decreased returns to scale ðko1Þ DELAYED 5
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Appendix A. Mathematical notations
ci unit cost of product generation i and i ¼ 1; 2
di market demand of product generation i for i ¼ 1; 2 at time t
C total cost rate of producing both product generations at time t; i.e. c1ðtÞd1ðtÞ þ c2ðtÞd2ðtÞ
s learning resource switching time
T life cycle of the newer product generation
TC total production cost during time period ½0; T 
F the derivative of the total production cost in regard to s
a market demand substitution rate
D market maximum demand potential for the older product generation
g market demand potential ratio for newer product generation
a function of the fraction of learning resources allocated to older product generation
a1 fraction of learning resources allocated to the older product generation
c0i initial production cost of product generation i for i ¼ 1; 2
cmini minimal production cost of product generation i for i ¼ 1; 2
ri learning rate function of product generation i for i ¼ 1; 2
qi proportion of learning resources allocated to product generation i for i ¼ 1; 2
b0 autonomous learning potential, assumed positive real number
b induced learning potential, assumed positive real number
b1 positive real number, induced learning potential
y learning potential ratio of the newer product generation
b level of cross learning
k factor of scaling in returns on learning
Appendix B. Proofs of lemmas and propositions
Proof of Lemma 1. By solving F ðsÞ=D ¼ 0; we can see that:
F ðsÞ
D
o0; sos0;
¼ 0; s ¼ s0;
> 0; s > s0;
8><
>:
where
s0 ¼
1
a
ln
1
g
D1
D2
b þ b0
a þ b0
þ
b0 þ b
a þ b0 þ b
 
:
This leads to the following two cases:
Case I:
D2
D1
X
1
g
b0 þ b
a þ b0
1þ
b þ b0
a
 
;
then s0p0: Hence, F ðsÞ=DX0 for all sX0: This means that the total cost incurred in the time horizon is non-
decreasing in s with 0pspT : Therefore, s ¼ 0:
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Case II:
D2
D1
o1
g
b þ b0
a þ b0
1þ
b þ b0
a
 
;
then s0 > 0: This means that s0 is the only local minimum for the total cost in the interval 0pspT :
Therefore,
s ¼
1
a
ln
1
g
D1
D2
b0 þ b
a þ b0
þ
b0 þ b
a þ b0 þ b
 
: &
Proof of Lemma 2. Same method as to the proof of Lemma 1 above, omitting the details. &
Proof of Lemma 3. Same method as to the proof of Lemma 1 above, omitting the details. &
Proof of Proposition 1. This proposition is equivalent to the following mathematical forms:
(i)
ds
dg
o0;
(ii)
ds
da
o0;
(iii)
ds
dðD2=D1Þ
o0:
From Lemma 1, optimal time
s ¼
1
a
ln
1
g
D1
D2
b0 þ b
a þ b0
þ
b0 þ b
a þ b0 þ b
 
when s > 0: Hence, we have
ðiÞ
ds
dg
¼
1
a

b þ b0
a þ b0
D1
D2
1
g2
1
g
D1
D2
b0 þ b
a þ b0
þ
b0 þ b
a þ b0 þ b
o0;
ðiiÞ
ds
da
¼
1
a2
ln
1
g
D1
D2
b þ b0
a þ b0
þ
b0 þ b
a þ b0 þ b
 

1
a
1
g
D1
D2
b0 þ b
ða þ b0Þ
2
þ
b0 þ b
ða þ b þ b0Þ
2
1
g
D1
D2
b þ b0
a þ b0
þ
b þ b0
a þ b þ b0
o0;
ðiiiÞ
ds
dðD2=D1Þ
¼
1
a

1
g
D1
D2
 2
b þ b0
a þ b0
1
g
D1
D2
b þ b0
a þ b0
þ
b0 þ b
a þ b þ b0
o0:
Proof of Proposition 2a. This proposition is equivalent to the mathematical form ds=db > 0; and from
Lemma 1, optimal time
s ¼
1
a
ln
1
g
D1
D2
b0 þ b
a þ b0
þ
b0 þ b
a þ b0 þ b
 
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when s > 0: Hence, we have
ds
db
¼
1
a
1
g
D1
D2
1
a þ b0
þ
a
ða þ b þ b0Þ
2
1
g
D1
D2
b þ b0
a þ b0
þ
b0 þ b
a þ b þ b0
> 0:
Proof of Proposition 2b. From Lemma 1, for s > 0; we can obtain
ðiÞ
ds
db0
¼
1
a
1
g
D1
D2
a  b
ða þ b0Þ
2
þ
a
ða þ b þ b0Þ
2
1
g
D1
D2
b þ b0
a þ b0
þ
b þ b0
a þ b þ b0
> 0;
when
D2
D1
>
1
g
1
a
1þ
b
a þ b0
 2
b
a
 1
 
;
and
ðiiÞ
ds
db0
¼
1
a
1
g
D1
D2
a  b
ða þ b0Þ
2
þ
a
ða þ b þ b0Þ
2
1
g
D1
D2
b þ b0
a þ b0
þ
b þ b0
a þ b þ b0
o0;
when
D2
D1
o1
g
1
a
1þ
b
a þ b0
 2
b
a
 1
 
: &
Proof of Proposition 3. This is equivalent to saying that ðds=dyÞ > 0; and we prove it for the case where
b0 ¼ 0 and a1 ¼ 12: The proof consists of two parts: (i) we show that ðd
2TCðsÞ=ds dyÞo0; and (ii) that the
result of part (i) enables us to show that ðds=dyÞ > 0:
ðiÞ
d2TCðsÞ=D
ds dy
¼
dF ðsÞ=D
dy
¼ 
gD2bsða þ ybð1 easÞÞ
2ða þ ybÞ
eðyb=2Þs 
gD2ab
ða þ ybÞ2
eðaþðyb=2ÞÞso0
for all s > 0 and for any given y: Therefore, we have ðd2TCðsÞ=ds dyÞo0 for all s > 0:
(ii) From part (i), we can derive that
dTCðs0; yÞ
dy

y0
odTCðs; yÞ
dy

y0
8y0 > 0 for s0 > s > 0:
Take any y0 > 0 and suppose dsðyÞ=dyjy0o0: This would mean that sðy0 þ dyÞosðy0Þ for small dy:
From the deﬁnition of sðyÞ; we know, however, that TCðsðy0Þ; y0ÞpTCðs; y0Þ and TCðsðy0 þ dyÞ;
ARTICLE IN PRESS
L.L. Demeester, M. Qi / Int. J. Production Economics 95 (2005) 265–283280
yþ dy0ÞpTCðs; y0 þ dyÞ for all s > 0: So,
dTCðsðy0Þ; yÞ
dy

y0
¼ lim
dy-0
TCðsðy0Þ; y0 þ dyÞ  TCðsðy0Þ; y0Þ
dy
X
def : of s
lim
dy-0
TCðsðy0 þ dyÞ; y0 þ dyÞ  TCðsðy0 þ dyÞ; y0Þ
dy
¼
dTCðsðy0 þ dyÞ; yÞ
dy

y0
and we obtain an inequality that contradicts what we know from part (ii). &
Proof of Proposition 4. This is equivalent to proving ðds=dbÞo0 for s > 0; and the procedures are similar
to that of Proposition 1 by using the results from Lemma 2. We omit the details here.
Proof of Proposition 5. This is equivalent to showing that ðds=dkÞo0 for s > 0: To prove it, we have
ds
dk
¼
d
dk
1
a
ln
1
g
D1
D2
b
a
1
ð2 21kÞ
þ
b
21ka þ b
 
¼
1
a
1
g
D1b
D2a

2k ln 2
2ð1 2kÞ2
þ
21kab ln 2
ð21ka þ bÞ2
1
g
D1
D2
b
a
1
ð2 21kÞ
þ
b
21ka þ b
 
o 21kb ln 2

1
b

2k
ð21ka þ bÞð1 2kÞ
þ
1
ð21ka þ bÞ2
 
1
g
D1
D2
b
a
1
ð2 21kÞ
þ
b
21ka þ b
  for s > 0
¼
21kb ln 2
21ka þ b

1
b

2k
ð1 2kÞ
þ
1
ð21ka þ bÞ
 
1
g
D1
D2
b
a
1
ð2 21kÞ
þ
b
21ka þ b
 
o 2
1kb ln 2
21ka þ b

1
b
þ
1
b
 
1
g
D1
D2
b
a
1
ð2 21kÞ
þ
b
21ka þ b
 
¼ 0 &
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